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Abstract 

We investigate the existence and properties of uniform lattices in Lie groups and use these results to prove that, in dimension 
5, there are exactly seven connected and simply connected contact Lie groups with uniform lattices, all of which are solvable. 
Issues of symplectic boundaries are explored, as well. It is also shown that the special affine group has no uniform lattice. Q 

1 Introduction 

This paper investigates the geometry of compact contact manifolds that are uniformized by contact Lie groups, 
i.e., manifolds of the form T\G for some Lie group G with a left invariant contact structure and uniform lattice 
r C G. We re-examine Alexander's criteria for existence of lattices on solvable Lie groups and apply them, along 
with some other well known tools. In particular, we restrict our attention to dimension five and describe which 
five-dimensional contact Lie groups admit uniform lattices. We prove that there are exactly seven connected and 
simply connected such Lie groups. Five of them are central extensions; the other two are semi-direct products. 
Furthermore, all seven are solvable. Let us remind that, in the symplectic counterpart, there are only 4 connected 
and simply connected Lie groups with a lattice, that can bear a left invariant symplectic form 1 19 1. 

This paper is organized as follows. In Section [2] we give the preliminaries for the work ahead. This includes 
both a review of several classical results and some original results regarding the existence of lattices on certain Lie 
groups. Fundamental to this paper are Theorem 12. 171 which describes all five-dimensional contact Lie algebras, 
and the list in Subsection |2.3.21 which delineates the Lie algebras of all the five-dimensional unimodular contact 
Lie groups. We also review some pertinent results of contact geometry on Lie groups. 

In Section [3] the main theorem of the paper (Theorem l3.ll ) is stated as well as an immediate corollary. This 
theorem is proven in Section [4] A major yet technical aspect of this proof is the list of certain structures on the 
Lie algebras of the Lie groups in Subsection l2.3.2l For ease of reading, this list has been relegated to Appendix 
I (Section[6]). In Section l4.2.2l we show that the special affine Lie group Sl(n, R) x R™ has no uniform lattice ( 
Theorem l4.ll ). although it may have a lattice. 

Finally, Section|5]constructs compact symplectic (2n + 2)-manifolds whose boundaries are disconnected con- 
tact (2ri + l)-manifolds uniformized by contact Lie groups and hence, when n = 2, by the Lie groups of Theorem 
13.11 This is a generalisation to all higher dimensions of a construction used in lfl2l . to give counter-examples, 
when n = 1, to the question of E. Calabi as to whether symplectic compact manifolds with a boundary of contact 
type, admit a connected boundary, as it is the case for compact complex manifolds with strictly pseudo-convex 
boundary. The counterexamples in [ 12] encompass those by D. McDuff in 1 17|. 
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2 Preliminaries 



2.1 Lattices on split table solvable Lie groups 

Recall that a lattice of a Lie group G is a discrete subgroup Y such that the manifold Y\G has a finite volume. If 
r \ G is compact, then Y is called a uniform lattice. In this section, we present several results regarding the criteria 
for the existence of lattices on a specific category of solvable Lie groups, namely splittable solvable Lie groups. 
The general subject is a well-studied field, and much of the following material has been derived from Chapter 
2 of Part I in l23l . which is itself an exposition of classical results by Mostow (ED), Auslander (fH. O) and 
Raghunathan ([24]). More details as well as more results on this topic can be found within these various sources. 

Let G be a simply-connected solvable Lie group with Lie algebra Q. Let N be the nilradical of G with corre- 
sponding Lie algebra n, i.e., TV is the maximal nilpotent normal subgroup of G so that n is the maximal nilpotent 
ideal of Q. This induces a short exact sequence 

l->JV-><?->T->l, 

where T is the Abelian group given by N \ G. A Lie group G is called splittable if this sequence splits, i.e., there 
is a homomorphic right inverse to the projection G — ► T. It is straightforward to show that G is splittable if and 
only if there is a homomorphism b : T — > Aut(N) such that G is isomorphic to the semi-direct product N Xf, T. If 
G is splittable and b(t) is a semi-simple element of Aut(N) for all t € T, then G is called semi-simple splittable. 
At the Lie algebra level, splittability of G is equivalent to the existence of a homomorphism j3 : T — > efer(n) such 
that 3 = n +p T. 

Note that in the above description T has been identified with its Lie algebra. This convention will continue for 
the duration of this paper. 

The main results of this section will apply to the category of splittable solvable Lie groups. For completeness, 
we begin with a number of classical results. 

Theorem 2.1 (Milnor [20 1). If G is a Lie group with a uniform lattice, then its Lie algebra is unimodular. 
Theorem 2.2. A lattice on a solvable Lie group is a uniform lattice. 

Theorem 2.3. Let N be a simply-connected nilpotent Lie group with lattice Y. Let ... C N 2 C N\ C Nq = N be 
the decreasing central series of N. ThenY (~\ Nj is a lattice of Nj for all j = 0, 1, 2, ... 

Theorem 2.4. A nilpotent Lie group N has a lattice if and only if its Lie algebra n has a Q-algebra XIq, i.e., n has 
a basis e such that [e, e] C (e}q ■ 

Now we review some commonly known aspects of lattices on solvable Lie groups. 

Theorem 2.5 (Mostow B21I ). Let G be a simply-connected solvable Lie group with nilradical N and projection 
7r : G — ► T = N \ G. IfY is a lattice of G, then Y n N is a lattice of N and n(Y) is a lattice ofT. 

Corollary 2.6. Let G — N »bT be a simply-connected splittable solvable Lie group with nilradical N. Then any 
lattice of G is isomorphic to the group (Y n N) Xb A for some lattice A ofT. 

In IH, Auslander described criteria for the existence of a lattice on a general solvable Lie group. To this 
purpose, he invoked a concept due to Mal'tsev in [ 16] to which we refer here as a Mal'tsev splitting. 

Definition 2.7. Let G be a solvable Lie group. A Mal'tsev splitting ofG is an embedding i : G — > M(G) as a nor- 
mal subgroup into a simply-connected splittable solvable Lie group M(G) with nilradical Uq and corresponding 
representation M(G) = Uq ^4, Tq such that 

1. M(G) = i(G)U G and 

2. M(G) = i(G) x Tq. 

Every solvable Lie group has a unique Mal'tsev splitting, up to isomorphism (See |fl6l ). 

For a given Mal'tsev splitting M(G) = Uq xi^ Tq of G, i(N) \ M(G) is isomorphic to (i(N) \ Uq) x Tq. 
Let pi : i(N)\ M (G) -> i(N) \ U G and p 2 : i(N)\ M(G) -> Tq be the resulting projections. Then, for each 
j = 1, 2, the restriction of pj to i(G)/i(N), qj, is an isomorphism. 
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Theorem 2.8 (Auslander 1973). In a solvable simply-connected Lie group G with nilradical N and Mal'tsev 
splitting M(G) — Ug Tq, there exists a lattice if and only if 

1. The nilradical Ug of M (G) has a Q-form Ug{Q) such that N n Ug{Q) is a Q-form of N, and 

2. The subgroup $ = <7i • (ft 1 (Ug(Q)/N n Ug(Q)) C Tq contains a lattice subgroup A such that the action 
dcj) : T — > Aut(uG), when restricted to A, can be represented by integer matrices with respect to some basis 
o/MQ). 

Let G = AX(,Tbea simply-connected splittable solvable Lie group with nilradical N and homomorphism 
b : T — > Aut(N). This homomorphism b can be decomposed into semisimple and nilpotent parts, b = b s ° b n , 
such that 

1 . b n and b s commute, 

2. b n (t) k = id for some k > and 

3. each invariant subspace of the differential db s (t) E Aut(n) of b s (t) at the unit of T has an invariant com- 
plementary subspace for each t 6 T. 

Via identification of T with its Lie algebra, the homomorphism b induces homomorphisms db : T — > Aitt(tl) and 
/3 : T — > der(n). This notation will be used throughout this paper. Recall that db(t) and /3(t) satisfy the relation 

db(t) = exp((3{t)). 

In JT], the Mal'tsev splitting of a general solvable Lie group is given as a certain subgroup within the Lie 
group of automorphisms of the nilradical. However, with a more specific category of solvable Lie group in mind 
(in this case, those that are splittable), a more specific description of the Mal'tsev splitting can be given. Define 

<j> : T — > Aut(N x 6 „ T) by 

0(i)(M') = Q> s (t)(h),t') 
for h 6 N and t' 6 T. Then it is not difficult to show that the semidirect product 

Af(G) = (iVx fe „T)x T (1) 

is a Mal'tsev splitting for G, where the embedding i : G — > M(G) of G in M(G), is given by t) = ((/i, f), 
for ft e 7Y, f G T and 

[/(G) = Nx bn T, 
T(G) = T. 

As the following theorem shows, this description of the Mal'tsev splitting streamlines Auslander's criteria for the 
existence of a lattice considerably. 

Theorem 2.9. Let G — N xi^Tftea simply connected splittable solvable Lie group, where N is the nilradical of 
G with Lie algebra XI, T an Abelian group, and b : T — > Aut(N) a homomorphism with semisimple and nilpotent 
parts given by b s and b n , respectively. Then G contains a lattice if and only if there is a Q-algebra XXq of XI and a 
lattice Aq/T such that 

1. db n (A) C Aut(x\q); and 

2. db s (A) C Aut(xiQ) and can be represented as a group of matrices with integer entries with respect to some 
basis ofXlQ. 

Proof. Suppose that G has a lattice. The first condition of Theorem l2 . 8 l applied to the Mal'tsev splitting of G given 
by Equation (l} implies that there a Q-form N of N M&„ T such that Nq = An (N x {0}) is a Q-form of N x {0}, 
which we identify with N. 

Let ft and x\q be the Lie algebras of N and Nq, respectively. Then n is a Q-algebra of n x p n T, where 
fi n : T — > der(x\) is the homomorphism of derivations induced by db n : T — » Aut(xi), and x\q is a Q-algebra of 
n. Since x\q = X\ n (n x^ n {0}), dimension-counting implies that ft = X\q Xp n Tq for some Q-algebra Tq of T. In 
particular, /3 n (Tq) C der(x\q), which implies that db n (Tq) C Aut(xiq). 

The subgroup $ defined in the second condition of Theorem |2.8| is Tq. So, there is a lattice A C Tq such that 
db s (A) C Aut(x\) and all such transformations can be represented by elements in Sl(n, Z) with respect to some 
basis of x\q. Clearly, db n (A) C Aut(x\q) as well. 

Conversely, suppose there is a Q-algebra x\q of n and a lattice A of T such that 
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1. db n (A) c Aut(nq); and 



2. db s (A) C Aut(x\.Q) and can be represented as a group of matrices with integer entries with respect to some 
basis of riQ. 

Let Nq = {exp(qX) : q £ Q, X G riQ} and Tq = (A) Q . These are Q-forms of N and T, respectively. 
By the first given condition, db n (Tq) C Aut(x\q) so that /3„(Tq) C der(tlnj), where j3 n : T — > der(xi) is 
the homomorphism of derivations induced from db n . In particular, x\q xi ^ Tq is a Q-algebra of n Xp n T. Then 
TV = {exp(qX) :q£Q, X £XIq Xp n Tq} is a Q-formof N x b „ T. Furthermore, Aq = Nn(N x {0}) and is a 
Q-form of N x {0}. Thus, the first condition of Theorem |Z8] (using the Mal'tsev splitting given by Equation (OJ) 
is satisfied. The second condition of Theorem 12.81 follows immediately from the second condition given above. 
Therefore, G has a lattice. □ 



We now list some corollaries to this theorem. The first two corollaries are immediate consequences of the 
theorem. 

Corollary 2.10. Let G — N x^T be a simply connected splittable solvable Lie group, where N is the nilradical of 
G with Lie algebra n, T an Abelian group, and b : T — ► Aut(N) a homomorphism with semisimple and nilpotent 
parts given by b s and b n , respectively. If G has a lattice, then there are bases, y_ ofn and e ofT, such that, for any 
£££, the matrix representation ofdb s (e) in Aut(n) with respect to v_ is an integer matrix. 

Corollary 2.11. Let G = N x^T be a simply connected semi-simple splittable solvable Lie group, where N is the 
nilradical of G with Lie algebra n of dimension n, T an Abelian group, and b : T — > Aut(N) a homomorphism. 
Then G contains a lattice if and only if there are a ^-algebra Xlq ofn with basis y_ C ttjj and a lattice AofT such 
that db(A) C Aut(xiq) and is a subgroup of integer matrices when represented as matrices with respect to v. 

The following corollary is derived from Theorem l2.9l in conjunction with Theorem l2.5l and Theorem l2.3l 

Corollary 2.12. Let G = N X(,T be a splittable solvable group with nilradical N, Abelian group T and homo- 
morphism b : T — > Aut(N) with semi-simple and nilpotent components given by b s and b n , respectively. Let Nj 
be the j th central series subgroup of the nilradical N with corresponding Lie algebras rij for j = 0, 1, i.e., 
no = n and V\j = [tlj-i, tl] for j — 1, 2, .... If G has a lattice, then, there is a lattice AofT such that, for 
7 = 0, 1, , there is a Q-algebra (tty)® C with basis eP_ such that 

1. [(o?&s)|ri 0^-)]ei is a subgroup of integer matrices, and 

2. [(d&n)|n.. (A)] e j is a subgroup of rational matrices. 

Finally, the fourth corollary of Theorem |Z9] relates the existence of lattices and central extensions of certain 
symplectic Lie groups. 

Corollary 2.13. Let G' be the central extension of a semi-simple splittable symplectic Lie group (G = N x b T, to). 
Let Q, n, and T be the corresponding Lie algebras of G, N and T, respectively. Then G' has a lattice if and only 
if there is a Q-algebra of XI with basis e and lattice A ofT such that 

1. [db (A)] e is a subgroup of integer matrices, and 

2. u(X, Y) £ Qfor anyX,Y£eU A. 

Proof: Let g' be the Lie algebra of G so that g' = (n +p T) + u ML Let lo\ be the 2-form uj restricted on 
the ideal n so that the nilradical of G' is the central extension of AT by u>i. Also, define the homomorphism 

p u : T -> der(n + Ul M) by 

PM){X,*) = W)(X), uj(f,X)), 
for f £ T, X £ n, and x £ R. Then we may write q' as a splittable solvable Lie group by 

fl' = (n + U1 R) + Pu T. 
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Note the following facts. First, a (Q-algebra of n + Wl R exists if and only if there is a Q-algebra Uq of n 
such that u>(x\q, tiq) C Q. Second, by its construction and the semi-simplicity of b, the semi-simple and nilpotent 
components of /3 W are given by 

(0M)) s (x,x) = W)(x), o), 

(&,(/))„(*,*) = (0, 



The corollary then follows immediately from Theorem l2.9l □ 

Example In |6|, Benson and Gordon give two examples of solvable symplectic Lie groups with certain special 
properties. At the time, they were unable to determine the existence of lattices on either of these examples. More 
recently, Sawai and Yamada in [26| and Sawai in 11251 generalized these examples to two families of solvable 
symplectic Lie groups with the same special properties and then used ad hoc methods to show the existence of 
lattices on these families of Lie groups. 

Here we show how Theorem 12.91 can be systematically used to show the existence of a lattice on a given 
spittable solvable Lie group using the examples from (26]. Let a±, a 2 , 03 G R such that ai + a 2 — a 3 = 0. Let 
G be the simply-connected solvable Lie group corresponding to the Lie algebra g = (A, Xi,X%, X3, Zi, Z 2 , Z3) 
with Lie bracket identities given by 

[Xi,X 2 ] = X 3 , [Zi,Z 2 ]=Z 3 , 
[A,Xj] = ajXj, [A,Zj] = -ajZj for j = 1, 2, 3. 



Note that g = (H 3 © H 3 



where (3 



der (H.3 © H3) is given by 



exp(J3(t)) 



\ 



e ait 


\ 


e a 2 t 




e a 3 t 






e -oit 




e -a 3 t 




e -a 3 t J 



(Here TL 3 is the Lie algebra of the Heisenberg group Heis 3 . See Subsection l2.2l for details). 

Set Xj — e a i for j — 1, 2, 3. By Corollary 12.1 II we see that G has a lattice if and only if there is a to > 
such that the polynomial f(x) = H? =1 (x — Xj °) (x — Aj - * ), i.e., the characteristic polynomial of the above 
matrix, has integer coefficients. In particular, if 01, a 2 £ Z, then a lattice exists. This is the particular case for 
which Sawai and Yamada use ad hoc methods in [26| to show lattice existence. Similarly, these techniques can be 
used to show the existence of lattices on the family of Lie groups described in l25ll . 



2.2 Heisenberg groups 

Besides R m under addition, the most encountered Lie group in the work below will be the Heisenberg groups in 
three and five dimensions. In general, the (2n + \) -dimensional Heisenberg group Tieis 2n+1 is the subgroup of 
Sl(n + 2,M.) given by 









X 




Heis 2n+1 = < 


[■- 





In 








V° 








x,y e 



z G 



where the column vector y* is the transpose of the vector y = (yi, . . . , y n ) and is the identity map of R™. 
Equivalently, fieis 2n+1 can be considered as the central extension of the symplectic Lie group R 2 ™ under addition 
with the standard symplectic form u>\. Keeping this in mind, we define 7 : R 2n+1 — > Heis 2n+1 by 




for 1,1/6 



z G 
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The Lie algebra of Heis 2n+1 is given by 







a 













b* 


| :a,beR n ,ce 














7~t-2n+l 

For i, j S {l,...,n + 2}, let aj be the (n + 2) x (n + 2) matrix, all of whose entries are zero except the ij-th 
entry which is equal to 1. We set ei := ei, Il+2 , := ei^ and e„ + fe := e^ Il+2 for k = 2, . . . ,n + 1. Then 
{ei, . . . , e2n+i} is a basis of 7i2n+i with exactly n nontrivial Lie brackets relations, namely, [e^, e„ + fc] = ei for 
all k = 2, . . . , n+ 1. If we let (ef, . . . , e\ n+1 ) stand for the dual basis of (ei, . . . , e 2 „+i), then e* is a contact form 
on H2«+i- In terms of the original coordinates on Heis 2n+1 , the left invariant vector fields are given by = J^, 
e k = dxt i ' e n+fe = a ~ ; + x k-i-§£ for fc = 2, . . . ,n + 1. The left invariant contact form on Tieis 2n+1 



corresponding to el is e*{ + = dz — Xidyi. 



=i 



The exponential map exp : H2n+i — » Heis 2n+1 is a diffeomorphism, and we denote its inverse by Zn. 
Specifically, these mappings are given by 







a 






exp j 








bA 
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We consider the Lie algebra Q := H.2n+i © R, which is the direct sum of Ti.2n+i and E. That is, H2n+i is a 
subalgebra of g and M is in its centre. The corresponding connected and simply connect Lie group is Heis 2n+1 x M. 

Note that Heis 3 x R has a left invariant nondegenerate closed 2-form, hence defining a left invariant symplectic 
structure uj = dz A dy + dt A <ix, where t is the coordinate in R. It corresponds to the symplectic form L02 = 

d* A e3* + e4* A e 2 *, on © R, where =< ei, e2, e3 >r as above. 



2.3 Five-dimensional contact Lie groups 

A contact Lie group is a Lie group G with dimension 2n + 1 and left-invariant differential form 7/ such that 
i] A d?]" 7^ 0. We set H = ker rj. Then H is a left-invariant 2n-dimensional subbundle of TG. So, H induces a 
subspace of the Lie algebra g of G, which we will also denote as H. An element X G g is called horizontal, if 
X E H. A submanifold of G is called totally isotropic, if its tangent space in G is horizontal everywhere. A totally 
isotropic submanifold of (maximal) dimension n is called a Legendrian submanifold of G. 

Lemma 2.14. Let (G, rf) be a solvable contact Lie group with nilradical N. Let n be the Lie algebra of N. Then 
n is not contained in H. 

Proof. For any X, Y e g, di](X, Y) = -r]([X, Y]). But, [g, g] C n. So, if n C H, then d-q = on g. This proves 
the lemma. □ 

Corollary 2.15. Let G = N x^ T be a simply-connected splittable solvable Lie group with nilradical N and 
homomorphism b : T — > Aut(N). Suppose G has a contact structure given by r\ € g*, the dual space of the Lie 
algebra g o/G, and dim G = 2n + 1. 77zen 

1. T <zTL (as a Lie algebra in Q = XV +p T), 

2. the subspace n D 7i /zas codimension 1 in rv, 

3. dim T < n, dim n > n + 1, one/ 

4. For every nonzero f/zere is onl'enflH smc/z f/zaf drj(X, X') = 1. 

A Lie algebra g is said to be decomposable if it is the direct sum g = Q 1 ® g 2 of two ideals Q x and g 2 . Such a 
Lie algebra has a contact form if and only if g x has a contact form and g 2 an exact symplectic form, or vice versa. 

Lemma 2.16. If a contact Lie algebra (resp. group) is unimodular, then it is necessarily nondecomposable. 
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Proof. A decomposable Lie algebra g = Q x © g 2 is unimodular if and only if both Q 1 and g 2 are both unimodular. 
If g had a contact form, then either g x or g 2 would have an exact symplectic form. But, due to the existence of a 
left invariant radiant vector field for the associated left invariant affine connection, a Lie group with a left invariant 
exact symplectic form cannot be unimodular (see [11]). This leads to a contradiction. □ 

2.3.1 Five-dimensional solvable contact Lie algebras 

In J3, the first author classified the five-dimensional simply connected contact Lie groups (via their Lie algebras) 
with the following theorem. 

Theorem 2.17 (Diatta [9|). Let G be a five-dimensional Lie group with Lie algebra g. 

1. Suppose G is non-solvable. Then G is a contact Lie group if and only if g is one of the following Lie 
algebras: 

(a) a//(K) 8 sl(2, R), a//(R) © S0(3, R) (decomposable cases) or 

(b) sl(2,R) k R 2 (non-decomposable case). 

2. Suppose that G is solvable such that g is non-decomposable with trivial center Z(q). Then 

(a) If the derived ideal [g , g] has dimension three and is non-Abelian, then g is a contact Lie algebra. 

(b) If[Q, g] has dimension four, then Q is contact if and only if 

i. dim(Z([Q,g})) = 1 or 

ii. dim(Z([Q, g])) = 2 and there is a v G g such that Z([q, g]) is not an eigenspace of ad v . 

The first statement of this result taken with Lemma 12.161 implies that the only unimodular non-solvable five- 
dimensional contact Lie group is St(2, R) K R 2 . Furthermore, the second statement in conjunction with the list of 
five-dimensional solvable Lie algebras in [4] yields the list of all five-dimensional solvable contact Lie algebras, 
a total of 24 distinct nondecomposable Lie algebras and families of Lie algebras. Among these, exactly 12 are 
unimodular and listed below along with an example of a contact form i]. The label for each Lie algebra refers to 
that algebra's position in the original list in [9] and will serve as the name of that Lie algebra (or corresponding 
simply connected Lie group) throughout this paper. 



2.3.2 Five-dimensional unimodular solvable contact Lie algebras 



Below is the list of unimodular solvable contact Lie algebras of dimension 5. 
Central extensions 

Dl [e 2 , = e\, [e3, eg] = e\, r\\— e\. This is the Heisenberg Lie algebra 7ig. See Section l2~2l 

D2 [e3, 64] = e±, [e2, eg] = e±, [e3,eg] = e%, r\ := e*. This is the central extension b x w Rei, where oj = 
e* 3 A e| + e* 2 A e* 5 and b = H 3 © Re 4 , as inEH 

D3 [e3, = e\, [e2, eg] = ei, [e3, eg] = e-z, [e^, eg] = 63, 77 = e*. This is the central extension b x w Rei, where 
lo = A el + e\ A e\ and b = span(e2, ea, e^, eg) with Lie bracket [e3, eg] = e2, [e&, eg] = e3. 

D5 [e 2 , e 3 ] = e\, [e 2 , eg] = e 2 , [e 3 ,e 5 ] = -e 3 , [e 4 , eg] = ei,rj = e\. This is bx^Rei, where uj = e^Aeg+e^Aeg 
and b = spanfa, e^, e^, eg) with Lie bracket [e 2 , eg] = e 2 , [e3, eg] = —63. 

Dll [e 2 ,e 3 ] = e x ; [e 2 ,e 5 ] = e 3 ; [e 3 ,e 5 ] = -e 2 ; [e 4 ,e 5 ] = ee x ; e = ±1; 77 = ej. Here g = b x w Re x , where 
uj = e\ A e\ + el A e^ and b = span(e 2 , e 3 , e 4 , eg) with Lie bracket [e 2 , e 5 ] = e 3 ; [e 3 , eg] = — e 2 . 

Semi-direct products 

D4 [e 2 , e 3 ] = ei, [ei, eg] = (1 +p)ei, [e 2 , eg] = e 2 , [e 3 , eg] = pe 3 , [e 4 , eg] = -2(p + l)e 4 , p ^ -1, V = e\ +e\. 
Here g is the semi-direct product (H3 © Re 4 ) x Reg where H3 © Re 4 is as in Section [2~2l 
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D8 [e 2 , e 3 ] = e\\ [ex, eg] = 2ei; [e 2 , e 5 ] = e 2 + e 3 ; [e 3 , e 5 ] = e 3 ; [e 4 , e 5 ] = -4e 4 ; ry = ej + e%. This is the 
semi-direct product (H.3 ® Re 4 ) x Res. 

D10 [e 2 ,e 3 ] = ei;[ei,e 5 ] = 2pei; [e 2 , e 5 ] = pe 2 + e 3 ; [e 3 , e 5 ] = -e 2 + pe 3 ; [e 4 , e 5 ] = -Ape 4 , p ^ 0; 
7; = e* + e|. Semi-direct product (H 3 © Re 4 ) x Re 5 . 

D13 [e 2 ,e 3 ] = ei; [ei,e 5 ] = -|ei; [e 2 ,e 5 ] = -|e 2 ; [e 3 ,e 5 ] = e 3 + e 4 ; [e 4 ,e 5 ] = e 4 ; 77 = e\ + e 4 ; p ^ 0. 
Semi-direct product (H 3 Re 4 ) x Re 5 . 

D15 [e 2 , e 4 ] = e u [e 3 , e 4 ] = e 2 , [ei, e 5 ] = |e 4 , [e 2 , e 5 ] = |e 2 , [e 3 , e 5 ] = -|pe 3 , [e 4 , e 5 ] = e 4 , 77 = e* + e 3 . 
Semi-direct product b x Re 5 where b is the nilpotent Lie algebra b = span(ei, e 2 , e 3 , e 4 ). 

D18 [ei, e 4 ] = e u [e 3 , e 4 ] = -e 3 , [e 2 , e s ] = e 2 , [e 3 , e 5 ] = -e 3 ; 77 = e\ + e* 2 + e%. 

D20 [ei, e 4 ] = -2ei; [e 2 , e 4 ] = e 2 ; [e 3 , e 4 ] = e 3 ; [e 2 , e 5 ] = -e 3 ; [e 3 , e 5 ] = e 2 . 

The last two Lie algebras above are the 2-step solvable Lie algebra R 3 x R 2 where the Abelian subalgebra 
R 3 = span(e\, e 2 , e 3 ) is the derived ideal and 1Z 2 = span{e^ e^) is also Abelian. 

By inspection of this list, we have the following corollary. 
Corollary 2.18. Let G be a five-dimensional simply-connected solvable contact Lie group. Then G is splittable. 
See Appendix I for a list of descriptions of the nilradicals for each of these Lie groups. 

3 Five-dimensional contact Lie groups with uniform lattices 

The following theorem indicates which of the simply-connected contact Lie groups in Theorem l2 . 1 7 l have uniform 
lattices. 

Theorem 3.1. Let G be a five-dimensional connected and simply connected contact Lie group with a uniform 
lattice. Then G satisfies one of the following statements. 

1. G is the central extension of a solvable symplectic Lie group with a lattice that extends to G. In particular, 
G is one of the following groups: 

(a) Heis 5 = R 4 X Wl R, where uj\ is the standard symplectic form on R , 

(b) (Heis 3 x R) x 

U2 ^> where ui2 is the symplectic form on TLeis x R, or 

(c) Bj x u . R (j = 3, 4, 5), where ujj is the symplectic form on Bj — R 3 x Fj . R with F ■ : R — * GZ(3, R) 
defined by the matrices 

>. F,(/): [ 1 

1 




"* 

a. F 4 {t) = I 

1 

(cos(t) —sin(t) 
sin(t) cos(t) 
1 

2. G is a solvable semi-direct product and is one of the following groups: 

(a) R 3 X&j R 2 , where b\ is given by bi(s 1 t) 

(b) R 3 x fc2 R 2 , where b 2 is given by 6 2 (s,rj) 



e- s 








e-' 





e s+t 


e 2s 








e~ s cos(i) 





e~ s sin(t) 




Corollary 3.2. Let X be a compact five-dimensional contact manifold uniformized by a five-dimensional contact 
Lie group G. Then G is solvable. 
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4 Proof of Theorem 



3.1 



We will prove Theorem 13. II by showing first that the stated Lie groups have lattices and second that the rest of 
the five-dimensional contact Lie groups given by Theorem 12.171 and the list in Subsection l2.3.2l do not. As stated 
before, each solvable Lie group (or Lie algebra) will be referred to by its label in the list, e.g. D2, D13. For ease of 
reading, we have relegated several technical results to appendices at the end of the paper. In Appendix I (Section 
|6]), the reader will find a description of the nilradical of each solvable Lie algebra in the list in Subsection l2.3.2l as 
well as matrix representations of db and (3 for the splitting nx^T. 



4.1 Positive cases 

The groups listed in Theorem 13. II are the simply connected Lie groups with Lie algebras Dl, D2, D3, D5, Dll, 
D18, and D20, respectively. 



Claim 1: The Lie groups with Lie algebras Dl, D2 and D3 have lattices. 



Proof of Claim 1: The Lie algebras Dl, D2 and D3 are all nilpotent. By Theorem 12.41 each of these Lie groups 
has a lattice if and only if its Lie algebra also has a (Q-algebra, i.e., there is a basis on which all the coefficients 
of all of the bracket relations are in Q. The bases of the Lie algebras for these Lie groups as given in Appendix I 
(Section r2.3.21 > all satisfy this property. Thus, groups with Lie algebras Dl, D2 and D3 have lattices, and Claim 1 
is proven. 



Claim 2: The Lie groups with Lie algebras D5 and Dll have lattices. 



Proof of Claim 2: Both D5 and Dll are central extensions over semi-simple splittable solvable symplectic Lie 
groups. We will use Corollary 12. 13l to prove the existence of a lattice on each Lie group. 

The Lie group D5 is the central extension over the symplectic Lie group (H,lu) with Lie algebra 1) — 

(e2, e3, e 4 , e5) R given by structure equations [e 2 , es] = e 2 and [e 3 , e 5 ] = — e 3 and symplectic form oj = e 2 * A 



e 3 * + e 4 * A e 5 *. That is, its Lie algebra is of the form h 

to {e 2 , e 3 , e 4 } by 



/?(*) 



-0- 



so that 



. where f3 



GUM?) is given with respect 




Choose to > such that too = e*° 
the basis of M 3 given by 



exp (3{t) = \ e* 
1 

e~'° G Z, and choose r, s > so that rs (e*° 



>) e Q. Let X be 



X2 = re 2 + se 3 
X 3 = 
X A = e 4 



re*°e 2 + se *°e 3 , 



Then, with respect to X , 



0-10 
[exp(3(t )] lK = ( 1 mo 
1 



Furthermore, cj(X 2 , X 3 ) = rs (e*° — e~ to ) € Q, and cu(X4, e^) — 1. By Corollary 12. 131 the Lie group D5 has a 
lattice. 

The Lie group Dll is the central extension of the semi-simple splittable symplectic Lie group (K, £), the Lie 
algebra of which t — (e 2 , . . . , es) R has a symplectic form £ given by Q = e 2 * A e 3 * + e 4 * A e$* and has the form 
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of t = R 3 + 7 M where 7 : K — > gl(3, R) is given with respect to the basis {e2, e3, 64} as 

7(te 5 ) 

so that 



Choose fco to be any positive integer and qo to be any positive rational number. Set to = %-7r, and define a 
basis X_ of R 3 by 

X 2 = e 2 , A" 3 = e 3 , X 4 = g 7i'~ 1 e4- 

Then, with respect to X, [exp 7(i e 5 )] x £ 5Z(3, Z). Furthermore, C(X 2 , X 3 ) = 1 and C(Xt, t e 5 ) = ^ 6 Q. 
By Corollary 12. 131 the Lie group Dll has a lattice. Claim 2 is thus proven. 





< \ 




(-: 









0/ 




cos(t) 


—sin(t) 





sin(t) 


cos{t) 











1 



Claim 3: The Lie groups with Lie algebras D18 and D20 have lattices. 

Proof of Claim 3: Each of these groups is semi-simple splittable. So, we will use Corollary 12.1 II to show that 
both of these groups have lattices. 

D18 is of the form R 3 x fc R 2 , where b : R 2 ->■ GL(M. 3 ) is given by 

/ e- s \ 
b(s,t) = e"' . 
\ e s+ * / 

We need only to show that there is a lattice A C R 2 such that 6(A) is represented by a group of integer matrices 
with respect to some basis of R 3 . 

/ 1 \ / -4 -4 -3 \ 

LetTi= 1 -5 andT 2 = 21 16 11 J . The characteristic polynomial of T\ is f\{X) — 

\ 1 6 / \ -4 -3 -2 J 

X 3 - 6X 2 + 5X-1 and that of T 2 is f 2 (X) = X 3 - 10X 2 + 17X -LA little calculation determines that both 
of these polynomials have the following approximate roots: 

/1 : 0.3080, 0.6431, 5.0489 
f 2 : 0.0610, 2.0882, 7.8509. 



This implies that both T\ and T 2 have exactly three distinct eigenvalues and are thus diagonalizable. 

Furthermore, since T\T 2 = T 2 T\, they are simultaneously diagonalizable, i.e., there is a \1/ € Gl(3,M.) such 
that, for j = 1, 2, 

/ aij 

= fa 
V (oj&y 

It is unclear the order in which the eigenvalues of each transformation appear in these simultaneous diagonaliza- 
tions. However, using the approximations above, it is easy to determine that ^ where Xj and yj are 
any two distinct eigenvalues of Tj for j = 1, 2. So, /1 := (lnai, In /3i) and f 2 := (In «2 5 ln/32) with ai, ■ ■ ■ , /?2 
determined by the simultaneous diagonalization of Ti and T 2 , is a basis of K 2 . Now set A = (fi, f 2 ) z . Then A is 
a lattice of M 2 satisfying the desired property. 



D20 is of the form R 3 x> b R 2 , where 6 : R — *■ R 3 is given by 



• 2s 
b(s,t)=\ e~ s cos(t) -er s sin(t) 
e~ s sin(t) e~ s cos(t) 
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f o 







Let Ui = j 







-2 j and U 2 = ( 




V 


1 





Again, we need to construct a lattice on R 2 such that its image via b is representable by integer matrices on R 2 . 

Oil" 

-2 -2 -1 
111 

The characteristic polynomial for U\ is X 3 — 3X 2 + 2X — 1, which has exactly one real root (approximately 
2.3247) and two complex roots. Similarly, The characteristic polynomial for U% is X 3 + X 2 — 1, which also has 
exactly one real root (approximately 0.7549) and two complex roots. Furthermore, U1U2 — U2U1 so that there is 
a matrix \P G GZ(3, R) such that, for j = 1, 2, 

*/ 

VU^' 1 = ( aj^cosiPj) -a^sinipj) 
oij^ 1 sin((3j) a.j~ l cos{(3j) 

where a x « V2.3247, ft w 1.0300, a 2 « V0.7549 and /3 2 « 2.4378. Furthermore, 

lnai /3i 

« -3.0000, ^ « 1.4589, 

In a 2 p 2 

so that the vectors /1 := (lnai,/3i), / 2 '■= (ln<22> P2) are linearly independent and thus generate a lattice 
A :=< fi, / 2 >z on M 2 , satisfying the above claim. 

4.2 Negative cases 
4.2.1 Solvable 



We now show that the rest of the solvable contact Lie groups of five dimensions do not have lattices. There are 
only two classes of such Lie groups remaining from the list in Subsection |2.3.2| namely, those whose nilradical is 
Tieis 3 x K (D4, D8, D10, D13) and one whose nilradical is a semidirect product R 3 XI f R (D15). 

Case 1: Nilradical N = Heis 3 x R 

This case involves the semi-direct products D4, D8, D10 and D13. The Lie algebra of the nilradical is given as 
n = (ei, e 2 , e3) K (64)5. = Ti-3 © R- Appendix I lists the corresponding homomorphisms (3 : T — > rfer(n) and 
db : T — > ^4u/;(n) of each group. For each of these cases, the latter homomorphism db : R — > Aut(H.3 R) has 
the form, with respect to the basis {ei, e 4 } 

/ a* 

d&(*e 5 ) =1 B 

for some a > and B t € G/(3, R) so that the semi-simple part of db(t), db s {t) is of the same form 

db s (te 5 ) = I ^ 

where i3 t G G/(3,R) is the semi-simple part of the matrix B t . It is important to note that e^de^Bt) = 1. 
Additionally, since rii = [H3 ffi R, ffil] = ( e i)m j db s (t) restricted to rii is simply multiplication by a 1 . 
Suppose there is a lattice on one of these groups. Then there is a to > and a basis e of H3 R such that 

1. the matrix A tg = [db s (t e 5 )] e E GZ(4,Z) (by Theorem!^, and 



a 



la 



G Z (By Corollary|233. 



In particular, the characteristic polynomal F to (X) of A to would have integer coefficients and be divisible by 

Ft (X) 



( A — a to ) . In fact, the polynomial given by "^M^ is the characteristic polynomial of the matrix B t(l , an polynomial 



with integer coefficients by Gauss' Polynomial Lemma. This implies that det(B to ) G Z. That is, 1 = a det(B to ) 
with both a to G Z and det(B t(> ) £ Z. Therefore, 1 = a to = det(B t() ), which means that to = 0, a contradication. 
Therefore, none of these groups have lattices. 



Case 2: Nilradical N = 



3 /- 
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The last solvable case to be settled is that of Lie group D15. The Lie algebra of the nilradical is of the form 
n = (ei, e3) R +^ (e4) R where <\> : R — > R 3 is given with respect to the basis {ei, 63} by the matrix 



4>(se 4 ) 




\ / 



for any s G R. In particular, the lower central series of the nilradical of D15 have Lie algebras given by: 

n = (ei, e 4 ) R 

"l = ( e ll e 2) K 

n 2 = (0). 



The homomorphism b : R — > Aut(N) for which the structure of D15 is given by N Xf, R has derivative given with 
respect to e = {ei, ei} by the matrix 

/ e-i* \ 
ei* 
ei* 
V e~* / 

Note that dbfes) is semi-simple so that D15 is semi-simple splittable. Furthermore, restricted to the second lower 
central series subgroup tlj, d&(teg) is given with respect to the basis cr = {ei, 62} by the matrix 

Since D15 is semi-splittable, Corollary 12. 1 21 implies that a necessary condition for this group to have a lattice 
is the existence of a lattice A of R (= (eg)) and, for each j — 0, 1, 2, a basis §P_ of the j th central series rij 
such that [d6|tt (A)] eJ - is a subgroup of integer matrices. That is, there would be a to > such that the matrices 
[db(te^))e and [<i&(ie5)] e i are each conjugate to integer matrices, and hence their characteristic polynomials Fo 
and Fi, respectively, would have integer coefficients. In addition, Gauss' Lemma implies that the quotient of the 
two polynomials Fq/Fi would also be a polynomial with integer coefficients. However this would imply that 

F o (0) / Fx (0) = (e*° ) 3 would be a non-unit positive integer dividing 1, a contradiction. Thus, D15 does not have 
any lattices. 



[db(te 5 )]e = 



4.2.2 Non-solvable: the general case of R" x Sl(n, R). 

According to Theorem |2.17| the only unimodular non-solvable contact Lie group of dimension five is the group 
R 2 x S7(2, R) of special affine transformations of the plane. We obtain the following more general result stating 
the nonexistence of uniform lattices in R" x S7(n,R), for every n > 2. Recall from [9| that R™ x 57(n,R) is 
a contact Lie group. The contact structure on on the Lie algebra R™ x sl(n, R) of R" x Sl(n, R) is constructed 

by considering it as the subalgebra R n x sl(n, R) = / , where A 6 sl(n, R) and v G R" 1 of the Lie 

algebra Ql{n + 1, R) of (n + 1) x (n + 1) real matrices. The (n + 1) x (n + 1) matrices e,*j, all of whose entries 
are zero except the ij-th one which is equal to 1, form a basis of Ql(n + 1, R). Let by {e*A be the corresponding 

n ^ n 

dual basis. Then, 77 :— e i,i+i i s a contact form on R n x sZ(n,R), with Reeb vector £ := — e^i+i. Now, 

i=l 71 i=l 

we have the following. 

Theorem 4.1. For n > 2, 77;e group of special affine transformations ofW 1 , R" x S7(n,R), /za^ no uniform 
lattice. 
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Proof: Let G := R" xi Sl(n, R) and suppose T is a lattice of G. The radical of G is the subgroup R" x {/}. 
Then V = T n R" x {7} is a lattice of R" x {7} (Corollary 1.8 on p. 107 of [23 1). Let vx, . . . , v n G R™ be such 
that («!,/)... 7) generate T'. Let A G S7(n, R) and w G 1" such that (w, A) G T. Then, for j = 1, . . . , n, 

(ti;,^)^,/)^,^)- 1 = (Avj +w,A){-A- 1 w,A- 1 ) = (Avj,I) G T. 

Hence the set Mr given by 

M r = {ie «S7(n,R) : (w, A) G T for some w G R"} 

preserves the lattice T' on R™. In particular, by the change of basis Vj i— ► for j = 1, . . . , n, we can assume 
that M r C Sl(n,Z). Now, it is known that Sl(n,Z) is a lattice of S7(n,R) but not a uniform lattice (HI). In 
other words, there is a sequence {<jj} C Sl(n, R) such that its projection in Sl(n, Z) \ Sl(n, R) has no convergent 
subsequences. So, its projection in A7r \ S7(n,R) also has no convergent subsequences, which means that the 
sequence {[0, 7^]} C T \ R" xi Sl(n,M.) has no convergent subsequences. Therefore, T \ R" x Sl(n,M.) is 
not compact. Since T was assumed to be an arbitrary lattice of R ra xi Sl(n, R), R" xi Sl(n,M.) has no uniform 
lattices. □ 



5 Symplectic manifolds with a disconnected boundary 

The question whether symplectic compact manifolds with a boundary of contact type, admit a connected boundary, 
as it is the case for compact complex manifolds with strictly pseudo-convex boundary, was raised up by E. Calabi. 
In |H2| . H. Geiges used some 3-dimensional contact Lie groups to construct symplectic manifolds of dimension 
4 which are counterexamples to such a question. Geiges' counterexamples contain those constructed by Dusa 
McDuff in [ IT I . By the time Geiges gave his examples in 3D, not so many examples of contact Lie groups with 
lattices were known. The constructions in |12j and the proof can be easily generalised to any odd dimension to 
unimodular contact Lie groups admitting a uniform lattice. 

Theorem 5.1. Suppose (G, rj + ) is a connected contact Lie group of dimension (2n + 1), with a uniform lattice T. 
Then the manifold M :— G/T x 7 is a compact symplectic manifold with a disconnected boundary dM of contact 
type, where I := [0, 1]. 

Proof. The contact form 77+ on G descends to a contact form on T\G, which we denote by fj. Let £ stand for the 
corresponding Reeb vector field. On M, consider the differential exact 2-form 51 :— d(sfj) and the vector field 
X = £ + s J| , where s is the 7-coordinate. Let us check that Q is nondegenerate on A7. Obviously, if a and j3 are 
two differential 1-forms, then (a A j3) z = for all i > 2. Applying this remark to a — ds and (3 — fj and using the 
fact that (df]) n+1 = 0, we have 

n n+1 = (ds A fj + sdfj) n+1 

n+1 

8=0 

= (n+1) s n dsAfjA (dfj) n ^ 0. 

The above is true whenever s ^ 0. Now let us prove that X is a Liouville vector field for Q, i.e. Lx&, = Q. First, 
we have 

ixQ = ij:{ds Afj + sdfj) + s i_o_(ds A fj + sdfj) 
= —ds + sfj. 

So, the Lie derivative of 51 on the direction of X comes to the following. 

Lx& = ix dVL + d ix& — d ix^ — d(sfj) = f2. 
Now it is readily seen that X points outward on dM. □ 
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6 Appendix I: List of nilradicals of the unimodular contact Lie algebras 
of dimension 5 



The following is a list of all of the unimodular Lie algebras among those in the first author's list of solvable contact 
Lie groups in five dimensions from [9|. Their Lie brackets, in a basis (ei, e2, e 3 , e^, e§), are given in Section 
12.3.21 Each of the corresponding Lie groups will be of the form N xi/, T, where N is the nilradical, T is an 
Abelian group and b : T — ► Aut(N) a homomorphism. For each of these, the Lie algebra n of the nilradical N 
of the simply-connected Lie group corresponding to each Lie algebra is provided as well as the Abelian group T. 
The transformations (3 and db are matrix representations (with respect to the given basis of n) of the corresponding 
homomorphisms (3 : T — > efer(tl) and db(x) = exp((3(x)) : T — > Aut(n) (for x G T) induced from the semidirect 
product N x b T. 

Dl n=< ei,...,e 5 >=H 5 ,T= (0), 

D2 n = (< ei, e 3 , e 4 > © < e 2 >)+# < e 5 >= (H 3 ® R) E, T = (0) where 



ad(e 5 ) 



/ o 








-1 






o / 



i \e 



df(te 5 ) 








-t \ 

1 

1 

-t 1 J 



D3 n = (< ei,e 3 ,e 4 > © < e 2 >)+ rf/ < e 5 >= (H 3 
ad{e 5 ) = 



P(e 5 ) = 



( -(P+1) 






/ o 










-1\ 








-1 





















V o 


-1 







o / 


>=H 3 


©1 






Re 5 , 













\ 


-1 















-p 










D5 n =< ei, e 2 , e 3 > 





< e 4 >= H 3 © 



2(p+l) J 
, T = Re 



£(e 5 ) = 



/ -1 ^ 
0-100 

10 

\ o o o o I 



-df 



T = (0) where 



df(te 5 ) = 



db(te§) = 



( 1 




-it 3 









1 


-f 













1 







V o 


-t 





1 y 






(p+l)i 











r 





e-* 
















e -pt 





V 











e 2(p+l)t 



rf6(ie 5 ) = 



/ 1 

e 

\ 





-t 






e* 







1 / 



D8 n =< ei,e 2 ,e 3 > © < e 4 >= H 3 



D10 n =< ei, e 2 , e 3 > 



T = Re 5 , 



-2 











\ 





-1 











-1 


-1 
















4 


/ 



db(tes 



( -2p 

-p 

-1 

\ 



< e 4 >= H 3 




\ 

1 

-p 

4p / 



T 



db(te$) 



( e- 2 P* 





e- 2t 











e~ f 












-te"* 


e~* 















e 4t y 



















e^* cos(-t) 


-e~ pt 


sin(- 


*) 





e - pt sin(-t) 


e~ pt cos(-t) 






Apt 
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Dll n =< ei, e 2 , e 3 > < e 4 >= H 3 © K, T = Ke 5 , 



/3(e 5 ) 



/ ±1 \ 

10 
0-100 

y o o o o j 



( 1 



, db(te 5 ) = 



D13 n =< ei, e 2 , e 3 > < e 4 >= H 3 © K, T = Re 5 , 



/3(e 5 ) = 



/ | \ 

§ 

0-10 

V o o -l -l j 



, db(te 5 ) 



/3(e 5 ) = 

D18 n =< ei,e 2 ,e 3 >, with 
/3(se 4 + ie 5 ) 

D20 n =< ei,e 2 , e 3 >, with 









\ 


1 

3 











4 
3 











- 1 / 


— s 











-t 











s + f 



db(te 5 ) = 



I e-f* 



V o 





-sin(i) 


A 
U 


,(t) 


cos{t) 





) 





1 











e 2 


o 


o 





e"* 








-te"* 


e~* 


-1 









-;) 


,T 


















It 











it 

ea 











e-* 



db(se4 + te§) 



e 









-t 











2s 



/3(se4 + ie 5 )= | — s —t I , db(se4 + te$) = e s cos(t) — e s sin(i) 
t -s ) \ e- s sm(t) e^ s cos(t) 
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